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In the last 15 years it become clear that the gauge theory dynamics
in the vacuum sector is related to quantum many-body systems.

Quantum many body system < topological gauge theory <
supersymmetric vacuum sector of SUSY gauge theory.

A classic example:

‘The system of N free non-relativistic fermions on a circle‘
)
‘Zd pure Yang-Mills theory with gauge group U(N) ‘

0

SUSY vacuum sector of a (deformed) N = 2 super-
Yang-Mills theory in 2d (on cylinder) Witten '92

Also describes (Witten '92) the intersection theory on moduli
space of flat connections on a 2d Riemann surface 3 , F'(A) = 0.

k — oo limit of Gauged W ZWj, (Verlinde formula).



A bit more complicated example MNS '97; GS '07, '08:

‘N—particle Yang system on circle S! ‘

0

‘2d YMH theory with gauge group U(N)‘

0

SUSY vacuum sector of a (deformed) 2d N = 2 theory, softly bro-
ken N' = 4, U(N) theory with massive adjoint matter (on cylinder)

Yang system - N-particle sector for the quantum Nonlinear
Schrédinger equation (NLS), N non-relativistic particles on S*:

52
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YMH describes the U(1)-equivariant intersection theory on the
moduli space of solutions to Hitchin's equations on XJ,:

F.z:(A) = [®.,®:] = 0;

U(1) action: ‘ ‘
D, — "D, O, — e 0;

Space of solutions, modulo gauge transformations, is isomorphic to
F.:(A+i®)=0

modulo complexified gauge transformations G

Equivariant parameter enters as invariant mass term £, = —c®,®;
and for ¢ — oo gives previous example - free fermion point.

k — oo limit of Gauged W ZW),, for G©.



The correspondence turns out to be much more general (NS '08):

For every quantum integrable system, solved by BA, there is a
SUSY gauge theory with 4 supercharges, Q1,Q_,Q,,Q_, s.t.:

a) exact Bethe eigenstates correspond to SUSY vacua,

b) ring of commuting Hamiltonians < (twisted) chiral ring.

SUSY vacuum equations in gauge theory < Bethe equations



e Vacua: “critical” pts of effective twisted superpotential 1W¢// (o)
e Bethe equations: spectrum, critical points of Yang function Y (\)

e The effective twisted superpotential corresponds to Yang function

Well(o) = Y(\)

oi=MXN; i=1,.,N; G=U(N)

e VEV of chiral ring operators O, < eigenvalues of Hamiltonians:

| < MO >= Ei(V)|

HU () = Br()W(\)

Well (o) - effective twisted superpotential on Couloumb branch as
function of abelian components of scalar field o;
Y (A) - Yang's function as a function of rapidities \;



Explicit details worked out = gauge theories identified, for:

e X X X spin chain - 2d gauge theory

e X X Z spin chain - 3d gauge theory on R? x S*

e XY Z spin chain - 4d gauge theory on R? x T?

e Arbitrary spin group, representation, impurities, limiting models

e NLS, Yang system of N-particles on S' - 2d N =4 +...



Explicit details worked out = gauge theories identified, for:

e X X X spin chain - 2d gauge theory

e X X Z spin chain - 3d gauge theory on R? x S*

e XY Z spin chain - 4d gauge theory on R? x T?

e Arbitrary spin group, representation, impurities, limiting models
e NLS, Yang system of N-particles on S' - 2d N =4 +...

IN THIS TALK WE FOCUS ON (NS '09)

e Periodic Toda - 4d pure N/ = 2 theory on R? x R?

e Elliptic Calogero-Moser - 4d NV = 2* theory on R? x R?



N =2in2d

N = 2 supersymmetry algebra in 2d has four generators which are
the components of the two Dirac spinors: Q@+, @Q_-, Q4+, Q-

{Q1,Qs} =2(H £ P)
Qi =0, 2 =0
Q=0+, QL =0-
The basic super-multiplets depend on space-time coordinates z,
and 4 anti-commuting 0's (0*,0,0%,07), some Reps of G:

X - chiral multiplets, matter - (charged) complex scalar:

V - vector multiplet: gauge field, complex adjoint scalar o

3} - the twisted chiral multiplets: o, gauge field strength Fp;

2 — D+1§_V



SUSY Lagrangian: sum of D, F, ',/ and 6 terms:

D: /ded49 <—4l2tr22_3+K(eV/2X,Xev/2)>
F: / d%z dotde~ W(X)
F: /de dotdo~ W (%)

Twisted mass, m, term: suppose X € R = &; M;®R5 - Global
Symmetry group H C x; U(M;)

i /d49 tr X1 (ZeVz ®IdRi> X

‘75 = ﬁli 94_@_ + c.c.
m - belong to the complexification of the Lie algebra of the
maximal torus of H: m = (m;) , m; € End (M), [mz, mi] = 0.
Need some unbroken global group H, W (X) must preserve it.



6-term - for each U(1) component of gauge group 0, [ trF™2.

Promote complexified #-term (which includes F'I-term r) to X'

6 : / d?zdf 67X tr ¥2]

6 ,
Si=tat .= (i—l—zra)—i—...

Generic twisted masses - all matter fields are massive, can be
integrated out and get V' = 2 gauge theory with an infinite number
of interaction terms in the Lagrangian; high derivative terms
suppressed by the inverse masses of the fields we integrated out.

In addition there are other massive fields which can be integrated
out on the Coulomb branch. These are the g/t-components (g -
Lie algebra corresponding to Lie group G, t - its Cartan
sub-algebra) of the vector multiplets, the 1W-bosons ...



Twisted F-term, the F-term WeT(X) & Wef(s + ...), can be
computed exactly - receives only one-loop contributions.

Effective theory is abelian with field content of pure N = 2:

WEH(U) - Wr?lfgtter(o-) + Wgeguge(o-)

wel(o) = — Z 2ritptryo + trg (0 +m) (log (0 +m) — 1) —
b

oy, 1
T < p,0 >, b 27r+zrb, p 5 g 0"
a€A+

e Only diWW* () enters in effective Lagrangian L.

e One can consider a 3d and 4d supersymmetric gauge theories
which when reduced to 2d on S' and 72 give above 2d theories.
e Again, one can write the explicit formula for effective twisted
superpotential in 2d - including the contribution of all KK-modes.



Supersymmetric vacua of N/ = 2 theories

For any V' = 2 theory we can write Hamiltonian as (in the absence
of central extentions):

{Q4.Q%} = {Q5.Ql} = 41
Qu=0Q++Q=  Qh=0Q-+Qs Qi=0
Qp=Qi+Q; Qh=0Q;+Q; Qp=0

SUSY vacua are annihilated by H:
H|0>=0
First address a simpler question - Q4 (Q p)-cohomology:
Qap)|¥ >=0; |V >~ U >+Qypl.- >

Vacuum state is a “harmonic” representative in this cohomology.



If |0 > is some state in vacuum and O; is in ) cohomology

li >= 0;|0 > is also a vacuum state.

Operator-state correspondence would relate the complete basis for
vacuum states |i > to operators from cohomology O;.
e These operators are independent of position up to (Q-comm.

dO; ={Q, ...}
e They form a commutative ring called chiral ring:
0:0;]0 >= cf;,040 >; = 0,0 = c};0: +{Q, ...}
e In good situation (mass gap) chiral ring generators can be
written in terms of Coulomb branch - Oy, = tro*.
e SUSY vacua form the representation of chiral ring.

Basically, for every AV = 2 theory there is a quantum integrable
system (assuming all good conditions - discrete specturm ...).



What are these quantum integrable systems?

After all massive fields are integrated out chiral ring generators are
invariant functions on Coulomb branch, functions of ¥ = o + ...
SUSY vacua - there are two options: 1. topological or 2. physical.

1. Topologically twisted (on cyIind~er) abelianized theory has the
action completely determined by W ¢// (o) of physical theory:

owell(a) . aZWeff(g) , )
op = —— L FY(A) + ————=XN AN
Stop /[ do; (4)+ 0o;00; ATAA

compare Sod—_y M = / [aiFi(A) + AU A )\-j}

Canonical quantization - momentum conjugate to the monodromy
of abelian gauge field 2" = fsl A" is quantized:

1 oW (o)

. =n;
271 oo’ !



2. Physical: suppose we have the theory with the effective twisted
superpotential W () (abelianized).

The target space of the effective sigma model is disconnected, with
7 labeling the connected components (gauge flux quantization)
with potential:

1 o’ o
Uﬁ(O') = §g” <_2m’ni + W) +2min; + W
Now we need to find the minimum of potential - again:
1 owe (o) o
2mi ao'i o

Or equivalently - SUSY vacua correspond to solution of equation:

yyiseff
. <0vg<>> L



The Main example: Q®Q theory - X X X,

Gauge group G = U(N)

L fundamental chiral multiplets Q,,
L anti-fundamental chiral multiplets Q“
One adjoint chiral multiplet ®.

This matter content corresponds to the gauge theory with
extended supersymmetry, N' = 4, which the dimensional reduction
of the four dimensional A/ = 2 theory.

The adjoint @ is a part of the vector multiplet in 4d, while chiral
fundamental and anti-fundamentals combine into hypermultiplet in
the fundamental representation. We are dealing, therefore, with
the matter content of the four dimensional N’ = 2 theory with
N.=N,Ny=1L.



Gauge group has a center U(1) - turn on the Fl term and the
theta angle, combine into a complexified coupling 6 — t = % +ir.
m! - twisted mass for the fundamental chiral fields Q,,

me - the twisted masses for the anti-fundamental chiral fields Q”’,

m?4 the twisted masses for the adjoint ®.

N L
WQ«PQ = Z Z[(O’Z’ + mfz) <log (O’Z‘ + m(fl) - 1) +

i=1 a=1

+ (—Ui + mz) <log (—Ui + mz) - 1)]+

N
+ Z (ai -0+ madj) <log (ai -0+ madj> — 1) —

ij=1
N

—27riZ<t+i—§(N+1))ai

=1



L N ;
H o +mb _ it H o; —0j + mad]
o . . adj
o1 T — My 0i

Same equation in invariant form, in terms of Q(x) = det(x — o)

a(x)Q(z —m*¥) + ™d(2)Q(z +m*V) = t(2)Q(x)

L L

a(e) = [[(x—mi);  d(z) = [[(x+my)

a=1

t(x) - an unknown polynomial of degree L, coeff. - chiral ring
e Turnon W(X) =>", W, Q%5 (Q,, global symmetry restricts:
. f . adj . 1
m, = —flg — 1SqW, My = +lqg — iSqu, m* =1iu, s, € §Z
e BA of periodic, length L, X X X, in “N-particle” sector: 's -
impurities, s,'s- spins, W - Yang-function.

e Invariant form: vacuum Ward Identity - Baxter equation.



4d SYM and Algebraic Integrable Systems

Low energy effective action in U (V) 4d pure N' =2 SYM is
described by prepotential F(a; A), SW '94; has interpretation in
terms of classical algebraic integrable system - Periodic Toda.

Completely integrable classical Hamiltonian system -
2r-dimensional symplectic manifold (M, Qg, H;) which posses r
independent mutually commuting functions H; € R":
{H;,H;} = 0. H; define Lagrangian fibration 4 : M — B € R".

If common level set /' (h) is compact - it is diffeomorphic to 7.
Locally trivial - isomorphic to 7" x U, U € B.

One can define special Darboux coordinates, action-angle:
Qr=>""_, dI' Ndp;. p; - periodic angular variables on fibers 7.
Let 7; be a Z bases in H(T¢,Z) smooth in s € B:

I'=[ o, Q) =do(x), zeH YU

Vi



Algebraic Completely Integrable System (M, Q¢, H;):
e A complex algebraic manifold M of complex dimension 2r
e Everywhere non-degenerate, closed holomorphic (2, 0)-form QQC’O

e A holomorphic map H : M — C", fibers .J;, = H~'(h) are
(polarized) abelian varieties (complex tori), {H;, H;} =0

Polarization is a Kahler form w whose restriction on each fiber is
integral class: [w] € H?(Jy,, Z) 0 HYY(Jy,)

We have twice as many “action variables” - thus they are related.
Again, restricted to fibers:

Qc = dOc

ai:/@o, a = [ ec.
A; B

over the A and B-cycles (dual < A;, B/ >= 5‘3 which form bases
in Hi(Jy, Z)), Lagrangian with respect to the intersection form w.



There should be only  independent action variables. Locally:
0F(a)
oat
One can chose {ajb} as action variables:
T
Qc = Z da’y A deh,
i=1

ap =

The base can be supplied with the Rigid Special Geometry
structure - locally a Lagrangian submanifold (holomorphic) in C?":

,

Q=" da; A daj,

j=1
r . .
d*s = da; ® daj, — dal, ® da;
j=1

Restriction of one form 6 = . a%dai to Lagrangian submanifold
is exact and defines embeding via pre-potential F(a):

0 = Z a'hda; = dF (a)



N = 2* and Elliptic Calogero-Moser

U(N) 4d N = 2* theory is the N' = 2 theory with massive adjoint

hypermultiplet; coupling constant - 7 = # + 0p, mass - m
0

Low energy effective theory is described in terms of prepotential
F(ai,...,an; T, m) which comes from Elliptic Calogero-Moser
(eCM) algebraic completely integrable system.

eCM - N particles ¢1, ¢qo, ..., gy on the circle of circumference 3 ,
q; ~ q; + (3, which interact with the pair-wise potential:

N
=Y v +U(9); =m?Y Pla; — q5)
=1

1<J

1
Pl) = ZE:Z sz’nhQ(x + np) = uo(®) + Z ¢ tin(@

q= 6—2,3; uy = Sznhz Zne x; _ 4Zd d?: —dz
Al



Introduce the Lax operator ®(z|p,q) - N x N matrix,

O(z+ ¢ — ;)9 (0)
O(qi — qj)0(2)

CI)l'j(Z‘p> Q) = piéij +m (1 — 51])

2 .
@(33) - _ Z (_1)kq%e2kx; q= 627”7'; =
k=Z+31

and define all Hamiltonians H}, as coefficients in front of z* of
characteristic polynomial: det(®(z) — x)

Spectral curve: C;, C C x C* is defined as zero locus of
characteristic polynomial:

det(®(z) —2) =0

H~1(h) is given by the product C' x .J;, . The C-factor
corresponds to the center-of-mass mode > ;@ , while the compact
factor Jj, = Jac(C},) is the Jacobian of the compactied curve C}, .



a;, a', are periods of differential A = ;-2dz. Corresponding 7 ()
gives prepotential for A/ = 2* theory.

In the limit 3 — oco(g — 0),m — oo with A2 = m?2N¢ finite -
eCM — pToda.

N N—-1
=Y pi+U@;  Ulg) =AY ettty einn)
=1 =1

In the same limit - N = 2* theory becomes pure A = 2 SYM.
f(a) — fpert(a) 4 fnonfpert(a)

FPert(a;m,m) = E 2

- Z a;—aj)*log(a;—a;)—
3,j=1
- (al —a; + m) log(a; — aj +m)]

Fnon— pert CL T, m § :q -7:14: a; m q:eQﬂ'ZT



Quantization < Deformation of SYM

Suppose we quantize the algebraic integrable system (e - Planck).

If we chose alp as our action variables than Bohr-Sommerfeld:

aP =exn; = 0F(a)
8a2-
Y (a) F(a)
= Ny; Y =
8ai " (a) €
This semi-classical picture is very suggestive - Bethe equation:
oY (aje)
8ai —

Y (a;€) - Yang function.

We look for quantization when Y (a, €) has a Laurent series
expansion in e starting with a single pole and residue F(a)
F(a)+ O(e)

€

Y(ase) =



Appearance of prepotential in N’ = 2 and N/ = 2* suggests, from
our experience in gauge theory < quantum integrablity: we start
with this 4d SYM, deform it in € and count the vacua.

These theories have continues spectrum of vacua - “u”-plane.

In order to find discrete spectrum and Y (a;¢€) - we need €
deformation of 4d theory such that the low energy theory is:

F(a)

2d with superpotential: W(a,€) =Y (aje) = + ...

In fact we know such theory - 4d gauge theory on R? x R2,

2d character of low energy action is best explained, and computed
exactly, in terms of topological gauge theory, which always explains
the vacuum sector precisely.



Our main examples - pToda (pure N/ = 2) and eCM (N = 2%).

N = 2 gauge theory on R? x R? is a deformation of A/ = 2 theory
on R? x R? with one, equivariant, parameter ¢ which corresponds
to the rotation of second R? around its origin.

Denote corresponding vector field V = e(2205 — 230y).

Bosonic part is:

1,1 -
—(—5trF* F+Tr(Da¢ —ivF) x (Dag — iy F)+
90

L=

1 - - 0
+ 5Tr([6, 9] +ivDad — iy Dag)® + - TrF A F

Only 2d (first R*) super-Poincare invariance is unbroken, four Q's.
Alternative to KK - 2d theory with infinite number of fields in UV.



This theory has twisted formulation (together with deformation by
chiral ring operators with {t} = (t1,....,tn), LNS '97), e-def. of
Donaldson-Witten. lIts abelianization (effective low energy) is 2d
gauge theory with four @Q's and superpotential (for N' = 2*):
Flal{t};m, 1) + O(¢)

€

W is sum of perturbative in 7 and non-pertubative (infinite series
in ¢ = €™ for N' = 2*) - known exactly as:

W(al{t};m,e,7) =

W = Wpert(a’{t}; m, 677—) + quWk(aHt}; m, 6)
k=1

Second part can be computed using the integral formulas of MNS
for W}, or integral equation representation for Wi, = >, W,

What is exactly the quantization problem for which this W gives
the Yang function and SUSY vacua - the exact spectrum?

oW (al{t} e7)

=



e For eCM replace p; = ea%, and g;, m?, € - complex
1
e Write the eigenvalue problem for all Hamiltonians, parametrize
eigenvalues F1, ..., En in terms of ay,...,an - e. g. for Ha:
2 N 92

[Zai m(m+€) > Pla — ¢;; B)¥(q) = Ba(a)¥(q)
i 1<j
e=—ih, m=ihv = m(m+e)=—-Rv(v-1)

e Look for solutions in affine Weyl chamber with asympthotics at
(gi —qj) — 0 of ¥ — (¢; — ¢;)”, and extend outside this domain
by symmetry condition with respect to shift in 5.

e Spectrum (q = %™ = ¢=29);

OWpr—o«(al{t};m,e,T) OWpr—o+(al{t};m, €, 1)

i Eia) =
da; " Z(a> ot;
Checked in g-expansion knowing W (a|{t},m,e, 1) for N' = 2*.

0 Wir—o=(al{t = 0};m, €,7)

EQ—an



As already explained, the vacuum equation is:
Wal{t)imer))
8@1- -

W = Wpert + Wing and the perturbative part of equation has
simple form for ¢t = 0:

exp(

aI/I/vlt)ert(a|{t - 0} m, €, T _ 71'27'aZ HS

1 = exp( e
3

_ aj
J#i

() ra-9)
S(z) = =2\ T (15 1)




W(a7 q,m, 6) - Wp@?"t(a; q,m, €)+Limit€2—>062 log Z’inst(a; q,m, €1, 62)

2" a;q,m, €1, €2) =

k

k
qA H R+ HQ €(m+e)(m+e) dés

|
— k 1<1<J<k gZ)U e eream(m+¢€)  2mi

e=e€ +e; Q=01 —¢J

Ri(z) = 2%(2® = €)(a® — (m + e1)?)(2” — (m + e2)?)
R_(z) = (2 = &) (2* = 3)(a” = m*)(a® — (m + €)*)

_ Plx—-m )P(x+m+e B N
Q(.’B)— P( )P(.%'—i—ﬁ) _l:1x_al




Solve the integral (non-linear) equation:
x(@) = [ dyGole ~ y)log (1 - a7 Q())

(x+€)(x+m)(x—m—¢)
(x —€)(x —m)(x +m+e)

On solutions of this equation evaluate the functional:

Go(z) = 0, log

Winela) = [ da [—X(;> tog (1~ gQ(x)e @) +

+ Lig (qQ(m)e‘X(I))



